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Abstract. For a rigid tensor abelian category T over a field k we introduce a 
notion of a normal quotient q : T — > Q. In case T is a Tannaka category, our 
notion is equivalent to Milne's notion of a normal quotient [S]. More precisely, if T 
is the category of finite dimensional representations of a groupoid scheme G over 
fc, then Q is equivalent to the representation category of a normal subgroupoid 
scheme of G. We describe such a quotient in terms of the subcategory S of 
T consisting of objects which become trivial in Q. We show that, under some 
condition on S, Q is uniquely determined by S. If 5 is a finite tensor category, 
we show that the quotient of T by 5 exists. In particular we show the existence 
of the base change of T with respect to finite field extensions. As an application, 
we obtain a condition for the exactness of sequences of groupoid schemes in terms 
of the representation categories. 



Introduction 

Let T be a Tannaka category over k with fiber functor u to vect^, wliere K D k 
a field extension and let iS be a full tensor abelian subcategory of T which is closed 
under taking subquotients. The natural inclusion S — > T induces a surjective 
homomorphism of fc-groupoid schemes (hereafter called groupoids for short) acting 
transitively upon Spec(i^') 

(0.1) G{r) — > G{S). 

The kernel of this homomorphism is a K-group scheme L. Denote by Q the category 
of finite dimensional representations of L and by q : T — > Q the restriction functor. 
For the sequence of functors 

(0.2) S — >T ^ Q 

it is shown in [3] that 

each object of Q is isomorphic (in Q) to a subobject of the image under q of 
an object of T. 

The problem we want to address in this work is to give an abstract description of 
the quotient category Q. This question was posed by P. Deligne in connection with 
our description of the representation category of L given in [Ij. 

A related question was studied by J. Milne [5], where the normal quotients (Q, q) 
were classified in terms of S. We notice that Milne introduces the notion of normal 
quotients only for Tannaka categories and he considers only quotients by a neutral 
Tannaka subcategory. 
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While studying this problem we realized that the Tannaka assumption on T can 
be replaced by a weaker assumption. In the sequel we will assume that T is a 
rigid tensor abelian category over k (see 13.11 for precise definition), which does not 
necessarily have a fiber functor. Let us start with our definition of a normal quotient 
category of such a category T. 

A normal K- quotient of T is by definition a pair (Q, q : T — > Q) consisting of 
a rigid tensor abelian category Q over K and a fc-linear exact tensor functor q (the 
fc-linear structure over Q is induced from the inclusion k C K), such that: 

(i) for an object X of T the largest trivial subobject of c{{X) is isomorphic to 
the image under q of a subobject of X, (a trivial object is a direct sum of 
copies of the unit object); 

(ii) each object of Q is isomorphic to a subobject of c\{X) with X G T. 

We notice here that our condition "subobject" in (ii) above is stronger than the 
usual condition "subquotient" used in [IJ. This condition was first mentioned in |3]. 
It refiects the difference between subgroups and normal subgroups. 

Given a /^-quotient (Q, q) of T, let S denote the full subcategory of T consisting 
of those objects which become trivial in Q. Then 5 is a tensor abelian subcategory 
and is closed under taking subquotients. We shall call S the invariant subcategory 
with respect to the quotient (Q, q). For each object X of T, let Xg denote the 
maximal iS-subobject of X, i.e. the maximal subobject of X which is isomorphic 
to an object of S. The restriction of q to 5 can be considered as a fiber functor to 
vectK (Lemma 13.31) . We shall denote this fiber functor by u. 

0.1. We first consider the case when K = k. Thus is a neutral fiber functor for 
S. Our main assumption is that T is fiat over S (see Definition 14.81) . With this 
assumption, our first result (see 14.101) states that 

(A) the category Q is equivalent to the category, whose objects are triples {X, Y, f ^ 
u{X'^ (g) Y)s), which has to be understood as the image of X inV by f , and 
morphisms are appropriately defined. Consequently (Q, q) is uniquely deter- 
mined by {S,u!), up to a tensor equivalence. 

Thus, in this case we can say that Q is a quotient of T by S. Further we show that 
(Corollary 

(B) if T is a Tannaka category then the quotient of T by any neutral Tannaka 
category, which is closed under taking subquotients, exists. 

This result shows in particular that our notion of normal quotients, when restricted 
to Tannaka categories, coincides with Milne's definition. Unfortunately we cannot 
establish the existence of the quotient in the general case. However, when S is an 
etale finite category, we show in Theorem 14.151 that 

(C) the quotient of T by an etale finite neutral Tannaka full subcategory, closed 
under taking subquotients, exists. 

0.2. To treat the general case {K ^ k) we first need the notion of base change 
for T. By definition, the base change T(^k) of T is a normal i^T-quotient of T, the 
invariant category of which consists of trivial objects. Under the assumption that T 
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is flat over K (see 15.31) we describe the base change T(^k) of T . Again the existence of 
base change for Tannaka category is known, see 15.61 but it is not known for arbitrary 
rigid tensor abehan categories. However, we are able to establish the existence of 
base change with respect to finite separable field extensions, see 15.71 

0.3. Now, assuming that T is flat over K, that the base change T(^k) exists and 
that T is flat over S (see 16. 2p we show a similar result to (A) above (Theorem 16. 3p . 
The existence of the quotient by an etale finite tensor full subcategory (closed under 
taking subquotients) is also established (cf. 16. 4p . 

0.4. Our description of quotient categories, when applied to the representation 
categories of groupoid schemes, yields a criterion for the exactness of sequences of 
groupoid schemes (Corollary 16. 6p . 

As mentioned above, we cannot show the existence of the quotient of T by a 
Tannaka full subcategory, closed under taking subquotients. However the existence 
for the case S is etale finite gives evidence for believing that the quotient might exist 
in a more general case. More precise questions are given in l6.7[ 
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1. Preliminaries 

We consider the category of afiine group schemes (not necessarily of finite type) 
over a field /c, which we shall call groups for short. Let L denote the kernel of a 
homomorphism / : G — *• A, which is then a normal subgroup of G. We collect here 
some known information on the relationship between these groups. 

1.1. We shall use the notation 0{G) to denote the function algebra over G, which 
is a Hopf fc-algebra. The reader is referred to j6j for details on the structure of 
0{G). Let m,u,e, A, L denote the product, unit map, coproduct, counit map and 
the antipode of 0{G), respectively. We shall adopt Sweedler's notation for the 
coproduct: 

(h) 

1.2. The category Rep((j) of fc-linear representation of G is equivalent to the cat- 
egory 0{G)-Com.od of 0{G) comodules, which consists of pairs (V, pv '■ V — > 
V ® 0{G)), where V is a. vector space and pv is a /c-linear map satisfying the 
following conditions: 

{pv ® id)py = (id (g) A)pv -.V — >V®V®Og, (id O e)pv = idy. 
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The coproduct A : 0{G) — > 0{G) ® 0{G) defines a comodule of 0{G) on itself, 
this comodule corresponds to the right regular representation of G in 0{G). The 
terminologies G-equivariant and (9(G)-colinear are equivalent. 

A homomorphism / : G — > A is the same as a homomorphism of Hopf algebras 
/* : 0{A) — > C>iG). The fundamental theorem of algebraic group theory claims 
that 0{G) is faithfully fiat over its subalgebra cf. [3]. 

1.3. Let q : L — > G be the kernel of /. That is, L is the fiber of / at the unit 
element oi A, e : SpecA; — > A. Thus we have 

(1.1) Oil) = 0{G) ®o{A) k. 

The homomorphism g* : 0{G) — > 0{L) is just the projection 0(G) — > 0{G)®o{A) 
k obtained by tensoring 0{G) with the counit map e = e* : 0{A) — > k. 

We shall assume from now on that 0{A) is a Hopf subalgebra of 0{G) and /* is 
the inclusion. 



1.4. The homomorphism q : L — > G induces a tensor functor res'' : Rep(G') — > 
Rep(L), which restricts a representation of G in a vector space V through g to a 
representation of L. The functor res'' : Rep(G') — > Rep(L) admits a right adjoint, 
which is the induced representation functor ind^ : Rep(L) — > Rep((j), that is we 
have a functorial isomorphism 

(1.2) HomL(res''(V), U) ^ HomG(l^, indg(f/)), V G Rep(G), U G Rep(L). 
The functoriality yields a canonical L-linear map 

eu : res'?indg(f/) — > U. 

The functor indg can be explicitly computed in terms of the invariant space func- 
tor (— )^. We prefer here the following Hopf algebraic description, which will be 
exploited in the next sections. 

For an L-representation U, denote by U^o{l)0{G) the equalizer of the following 
maps 

(1.3) U®0{G) 

id®A ^ 

U ® 0{G) ® 0{G) —^^^7^ U ® 0{L) ® 0{G). 

and call it the cotensor product over 0{L) of U with 0{G). Using Sweedler's 
notation we can describe UDo{l)0{G) as the set of elements J2i'^i®9i ^ U^O{G), 
such that 

^ Mi(o) ® ® fi-j = ^ (g) q*{gi(i)) ® gi(2)- 

i,{gi) 

We have a functorial isomorphism 

(1.4) ind,(C/) ^ Uno^L)0{G). 
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For the cotensor product there is the following key isomorphism first considered by 
Takeuchi [S] 

(1.5) {UDoiL)0{G)) ^ 0{G)^U^O{G), Y ^i® 9i® h ^i® 9iK 

0{A) ^ ^ 

which together with the faithful flatness of 0{G) over Oi^A) (cf. 11.21) show that the 
functor indg = (— )□£}(/,) (9 (G) is faithfully exact. A direct consequence of (11.51) is 
the following equality 

(1.6) kUoi^L)0{G) = 0{A). 

For a representation V of G, we have the following G-equivariant isomorphism 

(1.7) V0O{G) ^ {V)0OiG) ■.= OiG)®''"^'^, v0h^J2''io)®n^)h- 

(v) 

Therefore, considering V as an (9(L)-comodule, (II. 6p and (11.71) imply a G-equivariant 
isomorphism (where G acts diagonally on the right hand side) 

(1.8) VDoiL)OiG)^V^O{A). 

In other words, we have indgres«(y) = V(g)0{A). Note that 0{A) acts on V(g)0{A) 
through the action on the second tensor component. 

1.5. In general, for any L-representation U there exists an 0{A) module structure 
: 0{A) ® indg(f/) — ^ \ndq{U) on indg(f/), induced from the inclusion of 0{A) in 

0{G). The action is G-equivariant where G acts diagonally on 0{A) ® indq([/). 

(DIG) 

The functor indg thus factors through a functor to the category Mod^^^j of the so- 
called (C(G)-C(A))-Hopf modules. By definition, an (0(G)-C(A))-Hopf module is 
a fc- vector space M together with a coaction pM of 0{G) and an action /im of 0{A) 
which are compatible in the sense that hm '■ M — > M ® 0{A) is (9(G)-colinear 
where C(G) coacts diagonally on M ® 0{A). The category Mod^^^^j is a tensor 
category with respect to the tensor product over 0{A). It follows from the various 
isomorphisms above that indg defines an equivalence of tensor categories between 
Rep(L) and Mod^|^|. In particular, the isomorphism in (II. 8p is 0{A)-\mea.T. 

The equivalence mentioned above can be reformulated in the following more 
geometric language: there exists an equivalence between L-representations and G- 
equivariant vector bundles over A. This was pointed out to the author by P. Deligne. 

1.6. A new consequence of the classical facts in ll.HfTTBl is the following, cf. [1]. 
It follows from the faithful exactness of indg that the canonical homomorphism 
Eu '■ res^indq([/) — > U is surjective. Assume that U has finite dimension over k 
then we can find a finite dimensional G-subrepresentation V of \r\Aq{U) which still 
maps surjectively on U . Thus f/ is a quotient of the restriction to L of a finite 
dimensional representation of G. Consequently, U can also be embedded in to the 
restriction to L of a finite dimensional G-representation. Thus each finite dimen- 
sional representation U of L can be put (in a non-canonical way) in to a sequence 

res'^iy) U ^ res^(Vr), where V,W are finite dimensional G-representations. In 
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other words, U is equivalent as an L-representation to the image of an L-equivariant 
map g : res'^(V^) — > res'^(W^). Using the equivalence between Rep(L) and Mod^^^j 
and the isomorphism (11 .Sp we can show that such g are in a 1-1 correspondence with 
morphisms g : V ® 0{A) — >W ® 0{A) in Modgjjj. Since g is 0{A) linear, it is 
uniquely determined by a G-equivariant map / : V — > W ® 0{A). 

Let Q be the category, whose objects are triples (V, VF, / : V — > W ® 0{A)), 
where V, W are finite dimensional representations of G and / is G-equivariant, and 
whose morphisms are defined in an adequate way. Composing / with the morphism 
id ® e : ® 0{A) — > W ®k = W we obtain a map /o : V — ^ W which is L-linear. 
We define a functor Q — > Rep(L), sending a triple {V, W, f) to the image of /q. It 
follows from the discussion of this paragraph that this functor is an equivalence of 
categories between Q and the category Repj(L) of finite dimensional representations 
of L. 



2. Groupoids 

2.1. Groupoids and their representations. We refer to [2[ §1.14] for the defini- 
tion of an affine groupoid scheme, which we shall call here simply groupoid. Fix a 
field k and let K be another field containing k. A fc-groupoid acting upon Specie' 
will usually be denoted like Gf. G^ is called transitive if it acts transitively upon 
Spec/T, which means that Gf is faithfully fiat over Specie' x Specie' with respect 
to the source and target map (s,t) : G^ — > Specii" x Specif". The category of K- 
representation of G^ is denoted by Rep(G|^), its subcategory of finite dimensional 
(over K) representations is denoted by Repj(Gf ). 

For simplicity, we shall omit the subscript k for the product over Spec/c. Further, 
denote S := Specif. 

2.2. Homomorphisms of groupoids. Assume we are given the following field 
extensions k C Kq C K and transitive groupoids G^ and A^° . A fc-morphism / : 
G — > A is called a groupoid homomorphism if / satisfies the following commutative 
diagram (5*0 := Spec-f^o) 

(2.1) Gf 



S^S Sq X So 

and is compatible with the groupoid structures on G and A which are related to 
each other by this diagram. 

The kernel of / is defined as the fiber product L := GfX ^.Sq where e : Sq — > A 

A 

is the unite element of A. 

2.3. Base change. Using the notion of kernel, we define the "lower" base change 
for Gf- with respect to k <Z Kq to be the kernel of the homomorphism G^ — > 
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S X S — > 5*0 X 5*0, and denote it by G^^. We notice that 

G^x(Sxs,S) = Gj^x (iSxS)x So]=Gf x So = Gl. 

SxS SxS \ SqxSo I SqxSo 

Thus G^^ can be considered as the restriction of to 5*0 x 5*0 : 

(2.2) Gl Gf 

□ 

S Xs,S -5 X S 



In case Kq = K, G^ is just the usual diagonal subgroup of G^ . 

On the other hand, for any extension K G Ki, Deligne [2] defines a /c-groupoid 
acting (transitively) upon Si = Spec(-ft'i): 



(2.3) 



Si X Si 



□ 



SxS 



which in our context might be called the "upper'' 



category Rep{Gj^^) is equivalent to the category Rep(G^ 



base change. We notice that the 
(cf. [2, (3.5.1)]). 



2.4. The function algebra. We refer to [2|, 1.14] or ^ Appendix] for the more 
detailed desription of the function algebra O := 0{G^) of a groupoid G^ . Let m 
denote the multiplication on O. Thus {O, m) is a faithfully flat K ® i^-algebra by 
means of the map {s,t) : s ®t : K ® K — > O (see 12.11) . The maps s,t : K — > O 
induce two structures of iiT- vector space on O, making it a i^-bimodule. We shall 
assume that the left action of K is given by t and the right one by s. Then (9 is a 
i^-bimodule coalgebra, where the coproduct A : O — > O s®t^ defines the product 
on Gf^, and the counit map e : O — > K is the unit element of G^ . Further A and 
e are K ® i^-algebra homomorphisms. Finally the antipode map, l : O — O, is 
induced from the inverse element map is an algebra homomorphism and interchanges 
the actions s and t. All these data amount to saying that 0{G) is a Hopf algebroid, 
faithfully flat over K ® K. 

We adopt Sweedler's notation for the coproduct on O: A{h) = J2{h) ^(i)s®t^(2). 
We notice that the i^-linearity of A and e reads 

(2.4) A{t{X)hs{i2)) = J2tWhi)s®thi2)s{i2), e{s{X)ht{ij)) = s(A)e(/i)t(/i), 

W 

where h & O and \, jj, E K. 

The category Rep{G^) of G^ representations over K is the same as the category 
of C-comodules, i.e. of pairs (V, pv) of a ii'-vector space V and a i^-linear morphism 
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PV.V 
(2.5) 



V ®tO satisfying 



V 



Pv 



V 



PV 



V®tO 



id®A 



tO 

V ®V ®tO 




K 



0(Lf J is the 



We note that the i^'-hnearity of py means: pv{Xv) = s{\)pv{v) 

2.5. The induced representation functor. Consider a homomorphism / : G 

of groupoids as in 12. 2[ Let q : L^^^ — > be the kernel of / and res*^ : 
Rep(Gf-) — > Rep(L^y) denote the restriction functor. By definition 

0(Lf J = 0{Gi 

where 0{Aj^°) acts on ) through /*, and q* : 0{Gi 

projection. Define a morphism 

(2.6) : 0{G'<) ®^(^Ko) 0{Gf) — 0(Lf J,®,0(Gf ) 

g^h^Y^ q*{g{i)) g{2)h. 

(9) 

The following lemma generalizes [3| Lem. 6.5]. 

Lemma 2.6. The morphism cj) in (12. 6p is an isomorphism. It is 0{Gj^)-colinear 
with respect to the right coaction of 0{G^) on the second tensor component and 
is 0{L^^)-colinear with respect to the left coaction of 0{L^^) on the first tensor 
components. 

Proof. We give the inverse map. We first define a map 

^ : 0(Gf ), 0t 0(Gf ) 0(Gf ) ®^(^Ko) (9(Gf ), ij{g ® h) = J^dn) ® '^{9(2))h, 
where l is the antipode of 0{G^ 



(g) 



Then we note that this map indeed factors 
through a map ^ : C(L|^J, (g)t C(Gf ) — ^ C(Gf ) ®<^(^ifo) 0{G^) which is the 
inverse to 0. The second claim is obvious from the definition of (p. □ 

The functor res' possesses a right adjoint which is the induced representation 
functor, denoted by indg : Rep{L^^) — > Rep{G^). For an 0{L^J comodule U 
denote by UDq^^i^k )(9(G^) the equahzer of the maps 



(2.7) 



U ®t 0{Gj^ 



U^tOiGj^) 




Proposition 2.7. Let {L = L^^^,q) be the kernel of f : G 
above. Then for U G Rep(L), we have 

(i) \ndg{U) is canonically isomorphic to [/□c)(i)0(G); 



A 



' as 



{2.i 
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(ii) the homomorphism 

{Uno(L)0{G)) 0{G) — >U®t 0{G), J2^i®9i®h^J2^^®9ih 



is an isomorphism. 

(iii) the algebra 0{G) is faithfully fiat over its subalgebra f*0{A), 

(iv) the functor indg : Rep(L) — > Rep(G) is faithfully exact. 

Proof, (i) We show that the functor U t-^ UDo(^l)0{G) is right adjoint to the re- 
striction functor res"^, which amounts to 

HomciV, UnoiL)0{G)) ^ HomL(res''(y), f/), V G Rep(G), U G Rep(L). 

The map is given by composing a morphism U — > U\I\o{l)0{G) with the canonical 
map Eu '■ UDa(^L)0{G) — > U given by v ® g ve{g), where e denotes the counit of 
0{G). The inverse map is given by / i-^ (/ ® id)p{/. Thus (i) is proved, 
(ii) It follows from fl2.6p that the homomorphism 

UUo(L)0{G) ®o(A) 0{G) ^ UUoi^L)0{L) ® 0{G) 

is an isomorphism. Further we have an obvious isomorphism U = U\I\o{l)0{L) 
given by the coaction U — >• U 0* 0{L). 
Now (i) and fii) mean that ind^f- 



(iv) are equivalent, for 
prove (iii). 
(iii) Let / : G 



) 0{G) ^ (-) 0t 0{G). Hence (iii) and 

0{G) is a faithfully flat functor. It thus remains to 



'k 



A¥ = X iSx S) be the map obtained from f by means 



of (12. 3p . Then the kernel of / is isomorphic to L^. Indeed, we have x Sq 
S x^y 5*, hence 



'So 



(Gf X So) X S = G^ X {Af X So) x S = Gf x S = Kerf 



This yields the following commutative diagram with exact lines: 



(2.9) 




The morphism q factors as 



— r yj^ . The i^-group homomorphism 
g' : — > G^ induces a faithful exact functor ind^/, cf. II. 4[ Since G^ is by 
assumption faithfully fiat over S x S, the isomorphism in (12.81) with A = S x S 
implies that the functor indA is faithfully exact. Hence the functor indg = indAoindg' 
is faithfully exact, thus 0{G^) is faithfully fiat over f*0{A^) by the equivalence 
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between (iii) and (iv). Since 0{A^) is faithfully flat over we conclude that 

0{G^) is faithfully flat over f*0{A^°). □ 

Corollary 2.8. L is a Ko-groupoid acting transitively upon S. 

Proof. This is a direct consequence of Lemma 12.61 and (iii) above. □ 

Corollary 2.9. (i) Each finite dimensional representation of is a quotient of 
the restriction to L of a finite dimensional representation of . 

(a) Each finite dimensional representation of L^^ can be embedded into the re- 
striction to L of a finite dimensional representation of . 

Proof. This follows from Proposition 12.71 (iv) by standard arguments as in [U Lem. 
5.5-5.6]. □ 

Corollary 2.10. Let q : L^^^ — > Gf be the kernel of a homomorphism f : G^ — > 
of transitive groupoids. For any V E Rep(Gf), the L^^-invariant subspaceV^^o 
is a G^ -subrepresentation ofV, which is the restriction along f of a representation 
ofA^^\ 

Proof. By making the lower base change we see that is the kernel of fx '■ G^ — > 
A^, hence is normal in G^ as i^-groups schemes. Thus V^k c is invariant under 
the action of G^, but this also implies that V^k is invariant under the action of 
Gf. Since can also be considered as the kernel of the morphism / : Gj^ — > Af, 
we see that A^ acts on V^k, As we noticed after (12. 3p . Rep(A^) is equivalent to 
Rep(Af°), which means that V^k is indeed a representation of Gf that comes from 
a representation of A^° by restricting along /. We therefore conclude that L^^ acts 

trivially on this space. Since V c V k ^ these spaces coincide. □ 

2.11. In the situation of Proposition 12. 7[ we call a representation V of G^ a K^/k- 
representation if V is equipped with a /c-linear homomorphism Kq — > 'EndQKiy). 
In other words, there exists a structure of -K'o-vector space on V , which is compatible 
with the fc-structure and commutes with the actions of K and G^ . In the language 
of comodules, the above assumption amounts to saying that the comodule map 
Pv '■ V — > V 0{Gk) -ft'o-linear. Denote the category of i^o/fc- representations 
by Rep{G^)Koik- We notice that the category Re'^{G^)Ko/k is a tensor category with 
respect to the tensor product over Kq. 



A 



Consider the situation of I2.3t G^^^ G^ — > Sq x Sq. Then for any represen- 

with the i^'o-action induced from the i^'o-action on W. 
Lemma 2.12. The functor Ind^i^g induces an equivalence of tensor categories Rep(G]|^J 
Rep{G^)Ko/k- IiT' particular, the tensor product over Kq in Rep{Gj^)Ko/k is flat. 
Proof. To see that indA^^ is a tensor functor one has to check that there is an 
isomorphism (the cotensor product is over 0{G^^)) 

(2.10) iVDO{G^)) ® iWDO{G^)) ^{V® W)DOiG^). 



tation W over G§^, indAn^iW) = WUqi^qk ^0{Gf) is a /Tq/^- representation of 
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We define the map to be : ^ ■ f j (g) /ij ® J2j '^j ® dj ^ ® '^j ® dihj. To see 

that this defines an isomorphism, using the fact that C(G'f ) is faithfully flat over 
0(Af«), if suffices to show that 

{vno{Gi^))0{wno{G^)) ® ^-^ (y®w^)no(Gf) ® o(Gf) 

is an isomorphism. This last fact follows from the isomorphism in ( 12. 8p . □ 

2.13. Consider again the situation of 12.71 For a representation W of L^^^, the Kq 
structure on W yields a -ft^o-structure on indg(Vr) = WDq^^^k ^0{G^) making it 

a /^o/fc-representation of . In particular f*0{A^") = \ndq{K) is an object of 
Rep{G^)Ko/k, moreover, it is an algebra in this tensor category. To simplify the 
situation, we shall assume that /* is injective, i.e., / is a surjective homomorphism 
of groupoids, and identify with its image in 0{Gj^). Denote Rep{G^) 

the category of C(y4^°)-modules in Rep{G^)Ko/k- Then this is a tensor category 
with respect to the tensor product over 0{A^°). 

Proposition 2.14. With the assumption of \2. 7| and that f is surjective we have 
an equivalence of tensor categories Rep(L^y) — > Rep{G^)^Ko given by the functor 

k 

indg. 

Proof. The proof is similar to that of Lemma 12.121 □ 

3. Quotient categories 

3.1. Tensor categories and Tannaka duality. By a rigid tensor category over 
a field k we understand a fc-linear abelian category C equipped with a symmetric 
tensor product (see, e.g., [1, §1]), such that: 

(i) the endomorphism ring of the unit object (always denoted by /) is isomorphic 
to k, 

(ii) each object is rigid, i.e. possesses a dual object, and has a decomposition 
series of finite length. 

Note that in such a category the hom-sets are finite dimensional vector spaces over 
k. 

A tensor functor between tensor categories is an additive functor that preserves 
the tensor product as well as the symmetry. A i^'-valued fiber functor of a rigid 
tensor category C over k {K D k) is fc-linear exact tensor functor from C to Vect^, 
the category of ii'-vector spaces, its image lies automatically in the subcategory 
vecti^- of finite dimensional vector spaces. If such a fiber functor exists, C is called a 
Tannaka category. If, more over, K = k then C is called neutral Tannaka. 

For example, Repj(Gf ), where Gf" is a transitive groupoid, is a Tannaka category 
with the fiber functor being the forgetful functor to vectx- The general Tannaka du- 
ality [21 Thm. 1.12] establishes a 1-1 correspondence between rigid tensor categories 
over k together with a fiber functor to vect^^ and groupoids acting transitively over 
S. 
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Assume that C is rigid over k but not necessarily Tannaka. Let Ind-C be the 
Ind-category of C, whose object are directed systems of objects of C, and whose 
hom-sets are defined as follows: 

(3.1) Hom(Xi,i6/, Fjjgj) := limlimHomr(Xi,Fj). 

i j 

The natural inclusion T ^ Ind-T is exact and full. Further, T is closed under 
taking subquotients, and each object of Ind-T is the limit of its T-subobjects. 

Definition 3.2. Let T be a rigid tensor abelian category over k. Let K D k he a 
field extension. A normal i^'-quotient of T is a pair (Q, q : T — > Q) consisting of 
a i^-linear rigid tensor category Q and /c-linear exact tensor functor q (the fc-linear 
structure over Q is induced from the inclusion k C K), such that: 

(i) for an object X of T, the largest trivial subobject of q(X) is isomorphic to 
the image under q of a subobject of X; 

(ii) each object of Q is isomorphic to a subobject of the image of an object from 
T as well as a quotient of the image of an object from T. 

For convenience we shall omit the term "normal" in the rest of the work. Our 
notion of quotient category in case K = k and T is a Tannaka category is equiv- 
alent to Milne's notion of normal quotient [S]. Indeed, assume that there exists a 
fiber functor u : T — > vect^ extending the fiber functor u and T = Repj(G'^), 
S = Repj{Al) for some groupoid scheme and group scheme A^. According to 
Corollary 12.101 Proposition 12. 7[ Q := Repj(Lf^) is a fc-quotient of T by S. 

Given a i^'-quotient (Q, q) of T, let S denote the full subcategory of T consisting 
of those objects of T whose images in Q are trivial (i.e. isomorphic to a direct sum 
of the unit object). It is easy to see that 5 is a tensor subcategory and is closed 
under taking subquotients. We shall call S the invariant subcategory with respect 
to the quotient (Q, q). 

Lemma 3.3. [Sj §2] Let {Q, q) be a K -quotient ofT and S be the invariant subcat- 
egory of T . Then S is a Tannaka category with a fiber functor to yectx- 

Proof. The full subcategory of Q of trivial subobjects is equivalent to vect^. The 
fiber functor is given hy S 3 X \—y q{X) HomQ(/, c\{X)) where / denotes the unit 
object in Q. Since c{{X) is trivial in Q, this functor is a fiber functor. Hence 5 is a 
Tannaka category. □ 

4. Quotient category by a neutral Tannaka subcategory 

Let T be a rigid tensor abelian category over a field k. Let q : T — > Q be a 
fc-quotient of T and S be the invariant category as in Definition 13.21 (with K = 
k). Then iS is a neutral Tannaka category with fiber functor given by u!{S) = 
HomQ(J, qS), cf. 13.31 Let us consider the category vect^ as a full subcategory of Q 
by identifying a vector space V with K ® J in Q. Then we can consider the above 
fiber functor as the restriction of q to S. In other words, we have the following 
functorial isomorphism 

(4.1) cu(S)®feJ = HomQ(J,q(^))®feJ^q(5), SeS, 
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by means of which we shall identify uj{S) with c{{S) for S E S. Our aim is to char- 
acterize Q in terms of S and deduce (with some technical condition) the uniqueness 
of Q with given S. We also show the existence of Q in case 5 is a finite tensor 
category, i.e. its Tannaka group is finite. 

4.1. The algebra O. By means of the fiber functor u, S is equivalent to the cat- 
egory Repj(G'(5)) of finite dimensional /c-representation of G{S), where G{S) is an 
afiine /c-group scheme. Further u extends to an equivalence between Ind-iS and 
Rep(G(iS)). Let O denote the function algebra of the group G{S). It is a fc-Hopf 
algebra. By means of the right regular action of G{S) on O, that is, consider O as 
a right comodule on itself by means of the coproduct map, O can be considered as 
an object in Ind-iS. Since the unit map u : k — > O and the multiplication map 
m : O ®k O — > O of O are compatible with the coproduct and the counit maps, 
they are also morphisms in Ind-iS, hence {O, m, u) is an algebra in lnd-5 (it is not 
a Hopf algebra since the coproduct and the counit are not morphisms in Ind-5). 

4.2. Convention. For convenience we shall use the same notation for denoting O 
as a A;- vector space or as an object in S as well as an object of Q when we consider 
uo as the restriction of q to S. 

4.3. The largest iS-subobject. For an object X of T, let Xs denote the largest 
(S-subobject of X (which exists by the assumption 13.11 (ii)). Since S is closed under 
taking subquotients, we have the equality 

(4.2) Homr(^, X) = Eoms{S, Xs), SeS,X eT. 

Thus we have the functor {—)s '■ T — > S whose definition on hom-sets is just the 
restriction of morphisms B.omr{X,Y) i— > }iom'r{Xs,Y) = B.omr{Xs,Ys). Equa- 
tion (14. 2 p also shows that this functor is right adjoint to the inclusion functor 
S ^ T . The functor {—)s is canonically extended to a functor Ind-T — > lnd-5, 
(denoted by the same symbol), which is also the right adjoint to the inclusion functor 
Ind-5 — > Ind-T. 

Let denote the dual object to X. The for any 5 G 5, we have 

Homr(X, S) ^ Homr(5^,X'') = Hom5(5^, (X^)^) = Hom5((X'')/, 5). 

Since Xg — > X is mono, — > (X^)^^ is epi. Thus the largest 5-quotient of X 
is isomorphic to (X^)^^. 

Lemma 4.4. There is a functorial isomorphism 

(4.3) Homind-r(/, X ® O) ^ uj{Xs), X eT. 

Proof. If X = is an object of S we have the following isomorphism (see (11. 7p ) 

(4.4) S(^O^uj{S)^kO. 

For X arbitrary, Ind-T-morphisms / — > X ^ O are in 1-1 correspondence with 
Ind-T-morphisms X^ — > O, which, are in 1-1 correspondence with morphisms from 
the largest iS-quotient of X^ to O, since O is an object of Ind-(S. Notice that the 
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largest 5-quotient of is isomorphic to [XsY ■, as for X G T one has [X^Y — ^■ 
Thus we have 

Homi„d.r(/, X ® O) = HomiM-r(X\ O) ^ Homi„d.r((X5)\ O) ^ uj{Xs). 

Therefore (14.31) is proved. The functoriahty of fl4.3p is obvious since any morphism 
/ : X — > Y restricts to a morphism / : Xg — > Yg. □ 



Proposition 4.5. (i) There exists a functorial isomorphism 
(4.5) HomQ(q(X), q(F)) = Homi,d-r(X, Y ® O) 

satisfying the following diagram 



(4.6) 



q(/) 



q(^) 



q(F)®C 

idig)e 

q(n 



(a) For morphisms f : q(X) — > l(^); 9 '■ q(^) — ^ l(^); ^^^^ morphism gf : 
X — s> Z ® O «s g'Zf en by 



X -Uy(^0'-^Z^O^O'"^ Z^O. 



(Hi) For fi : q(Xj) — > q(^i); i = 0, 1 ^/ie morphism /q ® /i «s (7«fen 61/ 



Xo ®Xi 

mil 



Yo^Yi^O 



Fo ® C O Fi O C Yo®Yi®0®0 

(23) 



where the map r(23) interchanges the second and the third tensor components. 
Proof, (i). The isomorphism in (14. 5 p is defined as follows: 

HomQ(q(X), q{Y)) - HomM.r(X, Y O) 



HomQ(/,q(X^®F)) 



Homind-r(/,X^®>"®C) 



It follows from the definition that (14. 6 p needs only to be checked for X = I and 
hence one can replace F by I5. But in this case the claim follows from (14. 4p and 



CONSTRUCTION OF QUOTIENT TENSOR CATEGORY 15 

(ii). Since q is a faithful functor, it suffices to check that the outer diagram below 
commutes. 

q(X) ^ q(F) ® q(Z) ®0®0^ q{Z) ® O 




The commutativity of the first triangle and the middle square follow from (14. 6p and 
the commutativity of the right triangle is by the multiplicativity of the counit map 
e. 

The proof for (iii) is similar and will be omitted. □ 

4.6. The adjoint functor to q. The quotient functor q extends to a functor from 
Ind-T — > Ind-Q, and will be denoted by the same symbol. This functor possesses 
a right adjoint, denoted by p 

(4.7) Homind-Q(q(X), U) = Homind.r(X, p(t/)), VX G Ind-T, U E Ind-Q. 

Indeed, for U E Q, the above isomorphism determines p{U). Further the definition 
(13. ip of the hom-sets of Ind-T shows that p( lini . Ui) = lirn . p{Ui). 

Our next aim is to show that there is a natural O-module structure on p{U) for 
U from Q. We first recall that there is a natural morphism e associated to the 
adjoint pair (q,p). For X = p{U) in (14. 7p . the identity of p{U) corresponds to a 
map Eu : c{p{U) — > U, and (14. 7p can be given by composing a morphism on the 
right hand side with Eu'- 

(4.8) qp(t/) 

q(/) 



Lemma 4.7. For an object X o/ Ind-T, the object pq(X) in Ind-T is canonically 
isomorphic to X ®0 and the map 

q(X)®0 = qpq(X)'-^'q(X) 

is given by idx ® e, where e is the counit of O. With respect to the isomorphism 
pq(X) = X®0, ( [y/. 7| j for U = q(V) reduces to ^4-5\ )- Consequently, for a morphism 
/ : q(X) — ^ q(F), p(/) is given by 

(4.9) x^0^^Y®0®0"^Y®0. 

Proof. First assume X is in T. According to (14. 5 p and (14. 7p we have, for X, F G T, 

(4.10) Homi„d.r(X, p(F)) = Homi„d.r(X, Y ® O) 



which implies that p{Y) is canonically isomorphism to Y ® O. The second claim 
follows from and fOD . 
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For the general case {X is in Ind-T) we notice that the tensor product in Ind-T 
commutes with direct hmits, hence 

pq(limXi) = lim(X, ® C) ^ (lunXi) ® O. 

i i i 

To prove the last claim we notice that idq(x) = idx ®U : X — > X ® O. Indeed, 
this map satisfies (14.81) with U = c\{X), since Sq^x) = idx ® e. On the other hand, it 
follows from (14 .yp that for / : q{X) — > c{(X), p(/) is determined by the diagram 

p(/) 

The morphism in (14. 9p satisfies this property, hence is equal to p(/). □ 

Since (9 is a commutative algebra in Ind-T, we can consider the category Modo of 
(9-modules of Ind-T, which is an abelian category equipped with a tensor product 
over O. 

Definition 4.8. Let {S,uj : S — > vectfc) be a neutral Tannaka subcategory of a 
rigid tensor abelian category T which is closed under taking subquotient objects. 
Denote by O the function algebra over its Tannaka group, viewed as an object in 
Ind-5 C Ind-T. The category T is said to be flat over S if the tensor product in 
Modo is exact. 

Theorem 4.9. Let {Q, q) be a k-quotient category of a rigid tensor abelian category 
T over k and denote by S the corresponding invariant category. Let O denote the 
function algebra over the Tannaka group of S. Let p be the right adjoint to the 
quotient functor q. Then: 

(1) For any object U E Q, there exists a morphism fiu '■ p{U) ® O — > p{U) 
making p{U) an O -module. 

(2) Assume that T is flat over S. Then p is a tensor functor from Q to the 
category of O-modules with the tensor product being the tensor product over 
O. Consequently, p is exact. 

Proof. Recall that we have pq(X) = X ® O and that we identify, by means of u, 
O and its image in Q. Using (14.71) . we define nu as the unique morphims in Ind-T 
making the following diagram commutative (cf. (14.80 ) 

OiP{U) 

In other words, := ejj®e. This definition is functorial hence the action of 
/X commutes with morphisms in Q. The associativity of this action can also be 
checked by this method. Thus p factors through a functor to Mod-O, denoted by 
the same notation. 
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For U = c{{X), pq{X) = X ® O, we see that the multiphcation map on O makes 
the following diagram commutative 

qp(q(X)) = q(X)®0 

Sq(X) 

q(X) ® O ® O q(X) 

Thus, the action of O on pq(X) = X ®0 y& induced from the action of O on itself. 

Assume now that T is flat over S. We want to show that p is a monoidal functor 
from Q, to (9-modules, that is to show the existence of a functorial isomorphism 

p(t/i)®oP(t/2) =p(t/i®f/2). 

This is so for objects of the form q(X), according to Proposition 14.51 (iii). For an 
arbitrary object V of Q, there exist objects X, y in T and a morphism / : q(X) — > 
q(y) such that V = ker /. Since the functor p is left exact (being a right adjoint 
functor), p{U) is isomorphic to the kernel of p(/). Now, for fi : q(Xj) — > we 
have p(/i®/2) = p(/i)®op(/2)- Since for Ui := ker /j are flat over O by assumption, 
we have an (9-linear isomorphism 

Thus p is a tensor functor to O-modules. Since Q is rigid with the endomorphism 
ring of the unit object isomorphic to k and Modo has an exact tensor product, we 
conclude that p is an exact functor, cf. ^ 2.10]. □ 

4.10. A description of the quotient. We define a category V, whose objects are 
triples 

{X,YJ:X^Y®0), 

where X, Y are objects of T and / is a morphism in Ind-T. The morphisms / : 
X — > Y ^ O defines an (9-linear morphism / 

(4.11) f : X ^ O ^-^Y ^ O ^ O'^ Y ® O. 

The image of / is thus an O-module. 

We define morphisms in V between (Xj, Yi, fi), i = 0, 1, 2 as (9-linear morphisms 
: im/o — > ini/i. Thus we obtain a category V which is /c- linear and additive. 
Further, the direct sum of objects in V exists: 

(4.12) (Xo, Yo, /o) © (Xi, Fi, /i) := (Xq © X^, Fq © Y,, /o © A). 
The tensor structure on V is defined as follows. 

(4.13) (Xo, Fo, /o) © (Xi, Fi, A) := (Xq © Xi, Fq © Fi, (id © m)(/o © /i)). 

The unit object is /=(/,/, -u : / — > O). Finally, we define a functor q' : T — > V 
sending X to q'(X) = (X, X, id © m : X — ^ X © O) and sending / : X — > F to 
/ © ido. It is easy to see that q' is a /c-linear, additive tensor functor. 
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Proposition 4.11. LetT — ^ Q he k-quotient and S be the corresponding invariant 
subcategory. Assume that T is flat over S. Then the category V constructed above 
is equivalent to Q. 

Proof. We construct a functor f : V — > Q such that fq' = q. For any X,Y & T, 
according to (14.51) . morphisms / : X — > Y ®0 inT are in 1-1 correspondence with 
morphisms /q : c\{X) — > q(^) in Q- This allows us to define the image under f of 
an object U = {X,Y,f : X — > Y ® O) e Q' as the image of /q in Q'. 

According to Theorem 14.91 p is exact. Hence for any morphism / : q(X) — > 
q(F) in Q with U = imf one has p{U) = imp(/). Consequently, there is a 1-1 
correspondence between morphisms U — > V in Q and morphisms between p{U) — > 
p{V) in T which are (9-linear. This allows us to define F on morphisms and to check 
that F is a fully faithful functor. Further it is easy to see that the image of F is 
essential in Q. Thus F is an equivalence. □ 

As a consequence of the above theorem and Proposition l2.14l we have the following. 

Corollary 4.12. Let f : — > A\ be a homomorphism of transitive groupoids and 
Lf be the kernel of f . Then Repj(L^') is equivalent to the category whose objects 
are triples {U,V, f : U — > V ® 0{A)), where U,V E Repj(G'), / is G-equivariant 
(G acts diagonally onV® 0{A)). 

4.13. An alternative description. There is an alternative description of objects 
of Q, proposed by P. Deligne. Notice that morphisms / : X — > Y ® O are in 1-1 
correspondence with morphisms : / — > ®Y ® O. As noticed in 14. 4[ such a 
morphism corresponds to an element of uj{{X'^ Y)s). Thus objects of Q can 
be characterized as triples (X, Y, f E C(j((X'^ (g> ^)5))- 

4.14. The case S is an etale finite tensor category. The (neutral) Tannaka 
category S is said to be finite if its Tannaka group is finite, this means the algebra 
O lies in S and hence in T. By abusing language, we say that S is etale finite if its 
Tannaka group is finite and reduced, this amount to saying that O, as a fc-algebra, 
is a separable algebra, i.e. O is projective as an O-bimodule. 

Our next aim is to show that if S is etale finite then T is fiat over S and, moreover, 
the quotient of T by 5 exists. Consider O as a /c-algebra. If O is separable then the 
multiplication map 0(g)0 ^O, considered as an O-bimodule map, has a section. 
Consequently, for any O-module M, taking the tensor product over O of M with 
the split exact sequence 0^. J ^000^0^0 we obtain a split exact sequence 
of O-modules 

where hm denote the multiplication of O on M. This implies that M, being a direct 
summand of the fiat (9-module O M, is fiat as well. This construction will be 
use to prove the following theorem. 

Theorem 4.15. Let {S,u!) be a neutral Tannaka subcategory of T which is closed 
under taking subquotients . Assume that S is etale finite. Then the category of O- 
modules in T is rigid. Consequently T is flat over S and the quotient of T by S 
exists. 
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Proof. To apply the above method to our case, where O is also considered as a 
comodule on itselft, we have to find a splitting of m : O ® O O, which is O- 
colinear. This is done as follows. Let x be a non-zero integral element in O, that 
is, X satisfies the condition ax = e{a)x for any a in O. It is due to a theorem 
of Sweedler [TJ Theorem 5.1.2] for finite dimensional (not necessarily commutative) 
Hopf algebras that x exists uniquely up to a scalar constant. Let Cj be a fc-basis of 
O and e* be elements of O such that 

A(x) = (g) e\ 

i 

We claim that there is an O-bimodule map s : O —>■ O^O, with = 

{l denotes the antipode of O), which splits the multiplication map m up to some 

non-zero scalar constant and is (9-colinear. 

In fact, one can assume without lost of generality that k is algebraically closed. 
In this case, by the etale assumption on O, there is a finite group G such that 
O = k[G]*, i.e., it has a basis x^,g G G with multiplication, comultiplication, unit, 
counit given as follows: 

xSx'' = 6lx^, u{l) = J2g 
A(x^) = ^x'^^x^"'^ e{x'^)=Si, 

h 

(e denotes the unit element of G and 6 denotes the Kronecker symbol) and the 
antipode is 

c{e^) = e3-\ 

Now the integral element of O is (up to a constant) x = x*^. Thus the map s is 

s(l) = ^e^^e^. 
9 

It is now strightfoward to check that s defines an O-bimodule map (i.e. s(l) is 
central in O ® O), which splits m and is (9-colinear. 

Let now {M, (im) be an O-module in T. Consider (9 C?) M as an O-module by the 
multiplication on O. Then the map fiM '■ O^M ^ M is O-linear and moreover can 
be obtained by tensoring the exact sequence with M over O. 

Since the last exact sequence split as a sequence of O-bimodules, fiM has a section 
which is (9-linear. Thus M is a direct summand of (9 ® M as an (9-submodule. 
Since (9 ® M (with the (9-action given by the multipliacation on O) is fiat and rigid 
as an O-module, so is M. 

Thus we have shown that the category of O-modules in T is a /c-linear, rigid 
tensor category. It is now clear that the functor q : X i— (9 ® X makes this category 
a quotient tensor category of T by the Tannaka subcategory {S,u!). □ 

5. Base change for tensor category 

5.1. Let T be a tensor category over k. Assume that for a field extension k G K, 
a K-quotient T(^k) of T exists such that the invariant subcategory is the trivial 
subcategory of T, i.e. equivalent to vectfc. Ti^k) is called the tensor category over K 
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obtained from T by base change. Denote the quotient functor hj —(^k) '■ X X(^k)- 
Thus, the largest trivial subobject X(^k)^^" of X(^k) in Ti^k) is isomorphic to the image 
of the largest trivial object X*'''^ of X in T. Hence 

Homr(^,(J,X(,^)) = Homr^^, (/, X(;,)*"^) = Homr(/,X*"^) ®, K = HomT(/,X) 0^ K. 
Consequently 

(5.1) Homr^^) {X^k),Y^k)) = Homind-r(^, Y) K. 
On the other hand, we have an isomorphism 

(5.2) Homr(X, Y) K = Homind-r(X, Y®kK), 

given explicitly as follows. Fix a basis {cj, z G /} of over k. An element / G 
Homr(X, F) 0^ K, represented as / = J2ieio ® -^^^ ^ certain finite subset 
/q C /, is mapped to the morphism 

where Xj (resp. Yi) are copies of X (resp. Y) and the last inclusion in given by the 
chosen basis of K. The bijectivity of the correspondence follows from the definition 
of morphism in Ind-T. It follows from (15.11) and (15.21) that 

(5.3) Homr^^-j (X^k), Y^k)) = Homind-r(X, Y (g)k K), / ^ /. 

Extend —(k) to a functor Ind-T — > lnd-T(^K) and let : lnd-T(^x) — ^ Ind-T 
denote the right adjoint functor to —{k)- Claims similar to those of Proposition 14.51 
and of Lemma [4.71 hold true. We collect them in the following lemma. 

Lemma 5.2. (i) Through the isomorphism (15.31) . the composition X(^x) — ^ Y(k) 

Z(^K) corresponds to X — ^ Y (^^ K Z ®k K ®k K z ®a,. K , (cf. \4-5\ (H)), 
and the tensor product /q ® fi of fi : Xii^x) — ^ Yi(^K))i = 0,1 corresponds to 
(id ® m)r(23)(/o ® /i) (cf. ^ (m)). 

(a) For an object X of T holds: {X(^k))^ = X ®k K , and the map Sx is given by 
ex ■■ X^K) ®kK — > X^K) ®kK = X^k)- 

(Hi) One has for f : X(^k) — ^ Y(^k) 

(5.4) fK ,x^,K^Y®,K^,K^Y^,K. 

Identifying K with K^i^I, we can consider K as an algebra in Ind-T and consider 
the category Ind-T/^ of /^-modules. Then the functor factors through a functor 
to Ind-Tft-, denoted by the same symbol. 

Definition 5.3. We say that T is fiat over K if the tensor product over K is exact. 

Consequently we have the following theorem, which is analogous to Theorem 14. 9[ 

Theorem 5.4. Assume that the base change T{k) exists. For an object U G T^k), 
there exists a map ®fc K — > making a K-module. Consequently 
factors through a K -linear functor to Ind-T^-. If T is flat over K then this functor 
is a K -linear exact tensor functor. 



CONSTRUCTION OF QUOTIENT TENSOR CATEGORY 



21 



Corollary 5.5. Assume that T is flat over K and that T(^k) exists. Then T(^k) is 
equivalent to the category of triples {X,Y,f : X — > Y ®k K), X,Y G T, f G 
Mor (Ind-T), and morphism defined as in \4.10[ Consequently, any k-linear tensor 



functor u! from T to a K-linear tensor category C factors through a K-linear tensor 
ujk from Ti^k) to C. 

Proof. The first claim is proved analogously as in the proof of Proposition 14. Ill The 
second claim is a consequence of the first one. In deed, the functor u induces a 
ii'-linear map 

uj^K : Homr(X, Y) ®k K — > Homc(cj(X), 

Thus, considering / as an element of Hom7-(X, Y) 0^ K by means of flS.ip . we can 
define Uk on an object (X, Y, f : X — > Y^K) as the image of {(jj®K)f : oj{X) — > 
ij{Y). □ 

Corollary 5.6. Let T he a Tannaka category over k. Then for any field K D k, 
the base change T^k) exists. More precisely, let Ki D K be such that there exists a 
fiber functor to vect^i , and let G^^ he the corresponding Tannaka groupoid. Then 
TK = Repf{Gf). 

Proof. This follows from Lemma 12.121 for and Theorem 15.41 □ 

5.7. The existence of base change by finite separable field extensions. Let 

k G K he a, finite separable field extension. Then we can repeat the argument of 
the proof of Theorem 14. 151 to obtain the following result. 

Theorem 5.8. For any finite separable field extension K of k, the base change T(^k) 
exists. More precisely, T{k) can be defined as the category Tk of K -modules in T . 

6. Quotient category by an arbitrary Tannaka subcategory 

6.1. Let K ^ k he a. field extension and let (Q, q) be a i^'-quotient of T with S 
being the invariant category and assume that the base change T(^k) of T exists and 
that T is fiat over K. Then q induces a non-neutral fiber functor uj for S. By 
Corollary 15.51 q factors through a i^-linear tensor functor (\k '■ T[k) — ^ which 
can easily be shown to be a quotient functor of tensor categories over K and the 
invariant category of qj^ is equivalent to Sk- 

Let O denote the function algebra of the Tannaka groupoid of (5, oj). Consider 
O as an object of Ind-iS by means of the right regular coaction A : O — > Og ®t O. 
The image oi K = I ®kK under uj is K ®K. Thus (9 is a i^'-module in the sense of 
section [5l through the functor uo this means that O is a. K ®K modules by means of 
the map t®s. Further (9 is a i^-algebra, i.e. an algebra in lnd-7(i^), which means 
that O is an algebra over K ® K. We define by Mo(io,K the category of O-modules 
in Ind-Ti^K)) whose objects are thus ii"-object equipped with an action of O. This is 
a tensor category with respect to the tensor product over O. 

Definition 6.2. Let (iS, uj : S — > vbcIk) he a Tannaka subcategory of T and O he 
the corresponding function algebra considered as object of Ind-T. We say that T is 
fiat over S if it is fiat over K and in lnd-T(^K) the tensor product over O is exact. 
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Theorem 6.3. Let T be a rigid tensor category over k. Let {S,uj : S — > vectx) be 
a Tannaka subcategory, which is closed under taking subquotients. Assume that 

(i) T is flat over K and the base change T(^k) exists; 

(ii) T is flat over S and a K-quotient (Q, q) of T by S exists. 

Then the right adjoint functor p to q induces an exact tensor functor to the category 

Proof. Denote by Ok the function algebra of - the diagonal subgroup of A^ , 
where A'^ is the Tannaka groupoid of S. Let px denote the right adjoint functor to 
(\k '■ Iiid-'7(x) — > Ind-Q. Then according to 14. 9[ pK is an exact tensor functor to 
the category of Oi^-modules in Ind-7(i^). 

On the other hand, since S = Rep jr{A^), S(^k) — Rep(^^), the functor — ^ is in 
fact the functor indA^ in the situation of I2.11[ Thus 

This isomorphism gives us a morphism 

{u y)"^ 0o v". 

We don't know if this morphism is an isomorphism for an arbitrary pair f/, V of 
C;^-modules in T(^k) but we know it is for f/, V in the image of q^, thanks to the 
assumption that T is flat over S. In deed, for X G T, we have pq(X) = X ® O, 
using the method as in the proof of 14.91 we deduce the required isomorphism. □. 

6.4. Quotient by an etale finite subcategory. We say that a Tannaka category 
S is etale finite if its Tannaka groupoid is finite and reduced (with respect to the 
structure map In this case there exists a fiber functor for S with value in 
vect/f , where K is a. finite separable extension of k. According to 15. 7^ T is flat 
over K and the base change T{^k) of exists and is equivalent to the category of 
i^'-modules in T. Further, since the category S{^k) is flnite, by 14.151 the quotient of 
T{K) by iS(ft') exists and can be given as the category of Oi^-modules in T{K). This 
is the if-quotient of T by iS we look for. 

6.5. Application to representation theory of groupoids. Let / : — > A^° 

be a homomorphism of transitive groupoids and be the kernel of /. Then 
Repj(L^^) is equivalent to the category whose objects are triples (?7, V, f : U — > V® 
0{A)), where U,V e Repj(G'), / is G-equivariant {G acts diagonally on V 0O{A)). 

Alternatively, since morphisms / : X — > Y ^ O are in 1-1 correspondence with 
morphism /" : I — > X^®y As noticed in 14.41 such a morphism /" corresponds 
to an element of ^^((X^ ® Y)s). Thus objects of Q can be characterized as triples 

(x,y,/Gcu((x^®r)5)). 

Another consequence of the above theorem which may be useful in checking 
whether a sequence of groupoids L^^ — > G^ — > Aj^° is exact is the following 

Corollary 6.6. Assume we are given a sequence of homomorphisms of groupoids 

^Ko ^fc" ^ with fq trivial. Then the sequence is exact in the sense that q is 
the kernel of f iff the representation categories of these groups satisfy the condition 
(i) and (ii) of Definition \3.^ 
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6.7. Quenstions. The following questions are open to us: 

(1) Is T always flat over S, Kl 

(2) Assume that T is flat over S (and K), does a quotient exist, in particular, 
does the base change to K exist? 

(3) Assume that T is flat over S (and K), does the functor p induce an equiva- 
lence of tensor categories between Ind-Q and Modo^i^? 

Finally we mention a related question raised by Deligne, namely whether the the 
fundamental group of T is flat over iS, see P] for deflnition of the fundamental group 
of a rigid tensor category. 
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